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Ümit Çiğdem TURHAL1,∗, Alpaslan DUYSAK2
Department of Electrical and Electronics Engineering, Bilecik University, Bilecik-TURKEY
e-mail: ucigdem.turhal@bilecik.edu.tr
1
Department of Computer Engineering, Dumlupınar University, Kütahya-TURKEY
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Abstract
In this paper, a new algorithm using 2DPCA and Gram-Schmidt Orthogonalization Procedure for recognition of face images is proposed. The algorithm consists of two parts. In the ﬁrst part, a common feature
matrix is obtained; and in the second part, the dimension of the common feature matrix is reduced. Resulting
common feature matrix with reduced dimension is used for face recognition. Column and row covariance
matrices are obtained by applying 2DPCA on the column and row vectors of images, respectively. The algorithm then applies eigenvalue-eigenvector decomposition to each of these two covariance matrices. Total
scatter maximization is achieved taking the projection of images onto d eigenvectors corresponding to the
largest d eigenvalues of column covariance matrix, yielding the feature matrix. The each column of the
feature matrix represents a feature vector. Minimization of within class scatter is achieved by reducing the
redundancy of the corresponding feature vectors of the diﬀerent images in the same class. A common feature
vector for each dth eigenvector direction is obtained by applying Gram-Schmidt Orthogonalization Procedure.
A common feature matrix is established by gathering d common feature vectors in a matrix form. Then, the
dimension of common feature matrix is reduced to d × d taking the projection of common feature matrix onto
d eigenvectors which corresponds to the largest d eigenvalues of row covariance matrix. The performance
of the proposed algorithm is evaluated experimentally by measuring the recognition rates. The developed algorithm produced better recognition rates compared to Eigenface, Fisherface and 2DPCA methods. Ar-Face
and ORL face databases are used in the experimental evaluations.
Key Words: 2DPCA, Gram-Schmidt orthogonalization, common feature matrix, face recognition, total
scatter maximization, within-class scatter minimization

1.

Introduction

Image recognition is a speciﬁc hard case for object recognition. It has attracted extensive attention within
the past 20 years in computer vision because of the potential applications in many ﬁelds, such as identity
authentication, surveillance and human-computer interface. Since the most common appearance of faces roughly
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look alike and facial image data is high dimensional, the task of face recognition is extremely diﬃcult. Therefore
face image representation plays an important role in image recognition.
Among the existing face recognition techniques, subspace methods are widely used to extract low dimensional features [1]. In the literature, a variety of linear and nonlinear subspace methods can be found for low
dimensional feature extraction [2, 3]. Principal Component Analysis (PCA) is one of the most popular linear
subspace methods, which uses Karhunen-Loéve Transform (KLT) to produce a most expressive subspace for face
representation and recognition [4]. PCA, known as Eigenfaces have played a fundamental role in dimensionality
reduction and have demonstrated excellent performance. PCA encodes information in an orthogonal linear
space and maximizes the total scatter. This means that the Eigenfaces can not get rid of much within-class
variations occur due to the illumination changes or changes in facial expressions.
Linear Discriminant Analysis (LDA) is an another linear subspace method, which can achieve relatively
high classiﬁcation accuracy compared to PCA [5]. This method aims to minimize the within-class scatter while
maximizing the between-class scatter. Unlike PCA, it encodes discriminatory information in a linearly separable
space, of which bases are not necessarily orthogonal.
Fisherface is a PCA+LDA method with high popularity within the image recognition community [3].
Using PCA, high dimensional data is projected to a low dimensional space and then LDA is performed in this
PCA subspace. Generalization capability of LDA is improved when only few samples per person are available.
Li et al. [2] provided a comparative study for these subspace analysis methods. PCA and LDA are linear
methods, which limits their applicability. Recently, their kernelized versions such as Kernel PCA [6], Kernel
(FDA) [7] have appeared in the literature, where the limitation of linearity is overcome by construction of a
high dimensional feature space with a nonlinear mapping.
Yang et al. [8] developed a two-phase KFD framework, i.e. kernel PCA plus Fisher linear discriminant
analysis. Their study is based on this framework yielded an algorithm which is called complete kernel Fisher
discriminant analysis (CKFD). An other algorithm for kernel PCA is proposed by Kim et al. [9], called the
kernel Hebian algorithm (KHA). In this study generalized Hebian algorithm is used and the kernel PCA is
iteratively estimated. It is stated that this algorithm is an unsupervised learning technique so the obtained
image model can be used for the other tasks, as well.
Eigenface and Fisherface methods aim to ﬁnd the projection directions based on the second order
correlation of image samples. Kernel Eigenface and Kernel Fisherface methods provide generalizations to take
higher order correlations into account. Ming-Hsuan Yang et al. [10] compared the performance of kernel methods
with the classical methods. In their study, they showed that kernel methods provide better representation and
can achieve a better recognition accuracy.
The above mentioned methods are based on transformation of the image matrix into vectors prior to
processing them. Yang et al. [11] have proposed a new technique for image feature extraction called as
2DPCA. This method does not require the transformation of image matrices into vectors. In this method, a
better recognition performance was obtained over one dimensional PCA. This method has also two important
advantages over one dimensional PCA: First, it is easier to accurately evaluate the covariance matrix. Second,
less time is required to determine the corresponding eigenvectors, which will be used for optimal projection axis.
Despite its advantages over the traditional PCA, Dong Xu et al. [12] have demonstrated its disadvantages.
They have found that, if the training set has typically a small sample number, the traditional PCA gives better
results with respect to 2DPCA. The main diﬀerence between the traditional PCA and 2DPCA methods is that
the projection of the image matrices onto the optimal projection axes is a scalar in traditional PCA while it is
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a vector in 2DPCA.
An algorithm for two dimensional image recognition is proposed in reference [13]. In this algorithm,
the common properties of images in each individual class of the training set are extracted by eliminating the
diﬀerences between images. In this algorithm, the common matrix is obtained using two diﬀerent methods;
namely within-class scatter matrix and Gram-Schmidt Orthogonalization [14]. The common matrix obtained
is then used for face recognition. In this method, while the within-class scatter minimization is accomplished,
the maximization of the total scatter is ignored. In addition, the size of the common matrix is the same as with
the original image matrix.
In this proposed algorithm, both the minimization of within-class scatter and the maximization of total
scatter, that were ignored in [13], are achieved. In addition, the dimension of the common feature matrix is
reduced. The proposed method provides the following distinguishable contributions: 1. A new procedure, using
2DPCA and Gram-Schmidt Orthogonalization to obtain a common feature matrix, is developed. 2. A new
method to reduce the dimension of a common feature matrix is provided.
Remainder of this paper is organized as follows. Section 2 brieﬂy describes the well-known 2DPCA
method. The proposed method as a two-step algorithm is given in section 3 in detail. A testing procedure
for the developed algorithm is also provided in this section. Experimental results are presented in section 4.
Finally, various examples and comparisons with the other methods demonstrate the performance of our proposed
algorithm.

2.

The 2DPCA method

2DPCA is a linear subspace method used for feature extraction processing directly using the image matrices.
The idea in this method is to ﬁnd the optimal projection directions maximizing the scatter of the transformed
images. As the optimal projection directions, the eigenvectors corresponding to the maximum d eigenvalues of
the image covariance matrix are used. The main diﬀerence of 2DPCA from traditional PCA is that 2DPCA
does not require transforming image matrices into vectors. Thus, it reduces the computational complexity for
the construction of the image covariance matrix and reduces the computation time of the eigenvectors of the
covariance matrix.
Suppose that the training set has M images Ai , i = 1, 2, . . ., M with the dimensions of m × n. If
M
1
the average of the training images given as Ā = M
i=1 Ai , the covariance matrix of the images Gt can be
computed as:
Gt =

M
1 
{Ai − Ā}T {Ai − Ā}
M

(1)

i=1

The optimal projection axis xopt is the eigenvector of Gt corresponding to the largest eigenvalue. In
general, it is not enough to have only one optimal projection axis. It usually needs to select a set of projection
axes. x1 , . . . , xd . The optimal projection axes, x1 , . . . , xd are the orthonormal eigenvectors corresponding to
the ﬁrst d largest eigenvalues of Gt . The m × 1 dimensional feature vectors representing the image matrices
in d projection direction is obtained by the following linear transformation:
yk = Ai xk ,

(2)

where k = 1, . . . and d, i = 1, . . . , M .
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With this transformation, each image of a person in the training set is represented by a d feature vectors
and only the total scatter of the training images are maximized. Here, there is no attempt to minimize withinclass scatter, which is the subject of the proposed method given in the following section.

3.

An algorithm to minimize within class scatter and to reduce the
dimension of common matrix

The developed algorithm can be summarized as follows. It is based on 2DPCA method and common vector
approach, and can be divided into two parts. In the ﬁrst part of the algorithm, 2DPCA is performed both on
the column and the row vectors of the image matrices. Thus, two optimal projection vector sets are obtained.
The ﬁrst optimal projection vector set, obtained from the application of 2DPCA on the column vectors of
image matrices, is used for the maximization of the total scatter. This part constructs the common matrix for
each class. In the second part of the algorithm, the second optimal projection vector set, obtained from the
application of 2DPCA on the row vectors of the image matrices, is used for reduction of the common matrix
dimension. The mathematics of the algorithm is now studied in detail.

3.1.

Obtaining common matrix for each class

Let us assume the training set has C classes and l images in each class. “Class” refers to the ensemble of a
certain number of images per person. The main idea in this approach is to spread out the diﬀerent classes as
far apart from each other as possible, and then to reduce the variation within classes. Maximization between
class scatters is achieved using the variations between the column vectors of each image in all classes. Then, a
common matrix is computed for each class to minimize within-class scatter.
The training set consists of M = lC images in total. The mean image matrix of the training set is
C l
1
c
c
th
image in class c with the
denoted as Ā and computed as, Ā = M
c=1
i=1 Ai . Here, Ai denotes the i
size of m × n. Performing 2DPCA on the column vectors of the image matrices column covariance matrix Gtc
is then obtained as
C
l
1  c
Gtc =
(A − Ā)(Aci − Ā)T .
(3)
M c=1 i=1 i
The eigenvalue-eigenvector decomposition is applied to the column covariance matrix. The ﬁrst d
eigenvectors, which corresponds to the largest d eigenvalues, are used as the ﬁrst optimal projection axis
set. By projecting the images onto this set, the maximization in the total scatter is achieved. Thus, a feature
vector set is obtained for each image in a class with this projection. As d optimal projection axes are used, the
c
feature vector set of an image consists of d feature vectors. Suppose that yik
denotes the feature vector for the
ith image in the cth class in the k th optimal projection direction. The feature vector is obtained as
c
= (Aci )T xk ,
yik

(4)

where i = 1, . . . , l , k = 1, . . . , d and c = 1, . . . , C . xk is the k th eigenvector which corresponds to the k th
largest eigenvalue of the column covariance matrix.
By gathering d feature vector in a matrix form a low dimensional representation of an image is obtained
and it is called feature matrix Yic ,
c
c
Yic = [yi1
, . . . , yid
].
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Now, the important point is to reduce the redundancy between the low dimensional representation of
image matrices in the same class. Firstly, d feature vector set Fkc is constructed for each class.
c
c
c
, y2k
, . . . , ylk
}.
Fkc = {y1k

(6)

where Fkc includes the feature vectors of diﬀerent images in a class in the k th eigenvector direction of the column
c
covariance matrix. Then, using Gram-Schmidt Orthogonalization procedure a common feature vector (ycom,k
)

is obtained for each Fkc feature vector set. As a result, the within class scatter minimization is achieved along
each optimal projection direction separately.
The algorithm, in order to ﬁnd the common feature vector, can be summarized as follows: Firstly, d
c
c
c
feature vector space Fkc = {y1k
, y2k
, . . . , ylk
} where k = 1, . . . , d are constructed. In order to reduce the
redundancy in Fkc , diﬀerence feature vector subspace is constructed and then Gram-Schmidt Orthogonalization
c
procedure is applied in this subspace. It is achieved by taking any feature vector (yik
) from the k th feature

vector space as a reference and then subtracting it from the other feature vectors in that space:
c
y1k

=

ref

sc(j−1)k

=

c
yjk
− ref

(7)

where j = 2, . . . , l .
Gathering (l − 1) diﬀerence vectors, the diﬀerence subspace Skc is obtained for the k th feature vector
space as
Skc = {sc1k , sc2k , . . . , sc(l−1)k }.

(8)

Applying Gram-Schmidt Orthogonalization Procedure in the diﬀerence subspace obtained in (8), orc
c
thonormal bases, β1k
, . . . , β(l−1)k
, which span the diﬀerence subspace of the k th feature vector space, are

obtained for each class. Here, the notation bcik (i = 2, . . . , l − 1 ) is deﬁned as the diﬀerence between scik and
c
c
c
projection sc2k , β1k
β1k
. For i = 1 , the deﬁnition is given as bc1k = sc1k → β1k
. The orthonormal bases are

then found as
bc1k
,
 bc1k 

bc1k

=

c
sc1k → β1k
=

bc2k

=

c
c
c
sc2k − sc2k , β1k
β1k
→ β2k
=

=

c
c
c
sc(l−1)k − sc(l−1)k , β(l−2)k
β(l−2)k
→ β(l−1)k
,

bc2k
,
 bc2k 

..
.
bc(l−1)k

=

bc(l−1)k
 bc(l−1)k 

.

(9)

c
Projecting any of the feature vector (yik
) from the k th feature vector space onto the orthonormal bases

obtained for the k th feature vector space, and subtracting the result from that feature vector, common feature
c
vector ycom,k
of the k th feature vector space is computed. Varying k = 1, 2, . . . , d common feature vector for
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each k th direction in a class is obtained:
c
ycom,k

=

c
y1k
−

l−1


c
c
c
y1k
, βik
βik
.

(10)

i=1
c
is
Then, by gathering d common feature vector into a matrix form, a common feature matrix Bcom
constructed:
c
Bcom

c
c
[ycom,1
, . . . , ycom,d
].

=

(11)

The common feature vector in each feature subspace in each class is independent from the reference
c
c
feature vector y1k
in (7), and the subtrahend feature vector y1k
in (10) [14] Table 1.
Table 1. Summary of the ﬁrst part of the proposed algorithm.

· Compute the column covariance matrix Gtc
equation (3).
· Apply eigenvalue eigenvector decomposition.
c
· Compute the feature vectors yik
equation (4).

· Obtain Yic equation (5).
· Construct Fkc equation (6).
· Apply Gram-Schmidt Orthogonalization
procedure.
c
c
· Find the orthonormal bases β1k
, . . . , β(l−1)k
equation (9).
c
· Compute the common feature vector (ycom,k
)
equation (10).
c
· Obtain Common Feature Matrix (Bcom
)
equation (11).

3.2.

Reducing common matrix dimension

In order to reduce the dimension of the common matrix obtained in the previous section, the row covariance
matrix Gtr is calculated taking each row of the image matrix as an object. It is the same covariance matrix as
in 2DPCA. So the row covariance matrix can be calculated as
Gtr =

M
1 
{Ai − Ā}T {Ai − Ā}.
M i=1

(12)

Then eigenvalue-eigenvector decomposition is applied to the row covariance matrix. d eigenvectors corresponding to d largest eigenvalues are used for the optimal projection direction. The common matrix obtained for
each class is then projected onto these d eigenvectors. The resulting common matrix with reduced dimension,
Rccom is calculated as
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=

c
(Bcom
)T Z

Z

=

[z1 , z2 , . . . , zd ],

(13)
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where zk , k = 1, . . . , d , are the eigenvectors obtained for the row covariance matrix.

3.3.

Testing procedure

In the testing procedure, feature vectors for the test image yktest are calculated as in (4). Taking the projections
of each feature vector obtained for the test image onto the orthonormal bases obtained for the k th feature vector
space for each class and then subtracting the result from that test feature vector. Then, the remaining feature
vector for each class is obtained for the test image:
yktest

=

(Atest )T xk ,

test,c
yrem,k

=

yktest −

l−1


c
c
yktest , βik
βik
.

(14)

i=1
test,c
is obtained by gathering d remaining feature vectors in (14)
Then remaining feature matrix for class c Brem
as
test,c
test,c
= [yrem,1
, . . . , yrem,d
].

test,c
Brem

(15)

Then, a second projection is performed on the remaining matrix of the test image using the eigenvectors
obtained from the row covariance matrix. Thus, the resulting remaining matrix with reduced dimension for the
test image Rtest,c
for each class are calculated as
rem
Rtest,c
rem

=

test,c T
(Brem
) Z

(16)

Z

=

[z1 , z2 , . . . , zd ]

(17)

For classiﬁcation, a nearest neighbor classiﬁer is used [16]:
argmin1≤c≤C {

d


test,c
c
 rcom,k
− rrem,k
2 }

(18)

k=1
test,c
c
where rcom,k
and rrem,k
are the column vectors of Rccom and Rtest,c
rem respectively.

If the test image belongs to the class c, the distance Rccom , Rtest,c
rem should be minimum.

4.

Experimental studies

In the experimental study, the Ar-Face [17] and the ORL databases are used [18]. The Ar-Face database contains
over 4000 color face images taken from 126 people (70 men and 56 women), including front view of faces with
diﬀerent facial expressions, lighting conditions and occlusions. The pictures of the people were taken in two
diﬀerent sessions separated by two weeks interval. Each session contains 13 color images for each person. In
this study only 37 people (20 male and 17 females) were selected and used. Only the non-occluded images were
used for each person. The face portion of the ﬁrst images were cropped and then normalized to 50 × 40 pixels.
The normalized images for one person are shown in Figure 1.
The developed algorithm was also tested with ORL database that contains 40 people having 10 diﬀerent
images each. They were taken a period of two years. The images were taken at diﬀerent lighting conditions,
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Figure 1. Sample images of a person from Ar-Face database.

facial expressions and details. The background of the images was dark homogeneous. The size of the each image
was 122 × 92 pixels, with 256 grey levels per pixel. The images were taken with a tolerance for some tilting and
rotation of the face of up to 20 degrees and with some variation in the scale of up to about 10 percent. Five
sample images of a person from ORL database are shown in Figure 2.

Figure 2. Five sample images of a person from ORL database.

4.1.

Experiments on Ar-Face database

Three diﬀerent experimental studies are made by using three diﬀerent databases, which constructed from ArFace database. Each experiment is performed using developed method, Eigenface, Fisherface and 2DPCA
algorithms. In the experiments we used the largest d eigenvectors, which contains the 95 % of the total energy.
In each experiment the eigenvector numbers used are approximately same.
In the ﬁrst experiment, the ﬁrst images of the ﬁrst and second row in Figure 1 are used as the training set
for each class. The second, third and fourth images taken from each row are used as the test set. As a result,
the training set has 74 images. In the second experiment, the images in the ﬁrst row of Figure 1 are used as
the training set for each class and the images in the second row of Figure 1 are used as the test set. Thus the
training set has 259 images. In the third experiment, “leave one out” strategy is used. Therefore the training
set has 481 images. The results are given in the Table 2.
According to the experimental results shown in Table 2, the best recognition rates are achieved for the
proposed method as it is compared with the other well-known methods such as Eigenfaces, Fisherfaces, 2DPCA
and the method given in [15]. In the ﬁrst experimental study, only the faces with normal expressions are used for
the training set and the faces with expression diﬀerences are used for the test set. The results have shown that
the diﬀerence between the recognition rates of 2DPCA and the proposed method is small. But the diﬀerence
936
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Table 2. Recognition rates obtained using diﬀerent methods on the three diﬀerent databases constructed from Ar-Face
database.

Methods
Eigenfaces
Fisherfaces
2DPCA
Work in [15]
New Method

1. Results (%)
77.47
77.92
79.72
80.63
82.43

2. Results (%)
57.91
64.09
52.12
66.40
68.72

3. Results (%)
88.22
95.17
72.58
95.94
97.29

between the recognition rates of 2DPCA and the proposed method has increased in the second experiment.
In this experiment, the faces that are taken under diﬀerent illumination conditions are used for the training
and the test sets. Therefore the results of the proposed method gives better recognition rates in contrast to
the other well-known methods when the illumination conditions are changed for diﬀerent images. In the third
experiment, “leave one out” method has used. The diﬀerence between the success of the proposed method and
the other methods has increased to a higher value. The reason for this consequence is that the number of the
images used for the training set has increased. As a result of the recognition performance evaluation performed,
the proposed method gives the highest recognition rates with respect to the other well-known methods and to
the work in [15].
In reference [13], a common matrix for face recognition was computed in a diﬀerent manner. But, it has
the same dimension as the original image matrix. In our proposed method the dimension of a common matrix
is reduced to d × d where d is the number of eigenvectors containing the 95% of the total energy. This value
is relatively smaller than the original image matrix dimension.

4.2.

Experiments on ORL database

Two diﬀerent experiments are performed using ORL database. In the ﬁrst experiment, ﬁrst ﬁve images are used
as the training set and the remaining images are used as the test set. In the second experiment, “leave-one-out”
strategy is applied to the database. The performance of the proposed method in each experiment was compared
with 2DPCA method. In the experiments, we used the largest d eigenvectors, which contains 95% of the total
energy. In each experiment, the number of eigenvectors used are approximately same. Table 3 summarizes the
recognition accuracy obtained in two experiments.
Table 3. Recognition rates obtained using the proposed and 2DPCA methods on the three diﬀerent databases
constructed from ORL database.

Methods
2DPCA
Proposed Method

1. Results (%)
84.5
89.5

2. Results (%)
94.33
98

The eﬀect of the number of images used for the training set is examined in the experimental study which
has performed on ORL database. The results obtained using the proposed method and 2DPCA are given in
Table 3. According to the experimental results, the proposed method gives better recognition rates in respect of
2DPCA method. It has been shown in the experiments that the dimension of the common matrix was reduced
to d × d .
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5.

Conclusions

In this paper we have presented a new algorithm for the recognition of facial images. Proposed algorithm is
based on computation of a common feature matrix and reduction its dimension. The algorithm is performed in
two phases. In the ﬁrst phase of the algorithm, feature vectors (representation of the facial images) are obtained
using 2DPCA performed on the column vectors of the image matrices. Then, Gram-Schmidt Orthogonalization
Procedure is applied to the feature vectors resulting the common feature matrices. As a result, the maximization
of between-class scatter was achieved while minimizing within-class scatter between the feature vectors. In the
second phase of the algorithm, as a further step, the dimension of the common feature matrix was reduced by
projecting the common feature matrix onto the eigenvectors obtained from the row covariance matrix. The
resulting common feature matrix with reduced dimension is used for face recognition.
The algorithm provides following important contributions. Performance improvements: The maximization between-class scatter was achieved while minimizing within-class scatter between the feature vectors. Thus
redundancies between the column and row vectors of the image matrices and also between the feature vectors
of diﬀerent images in the same class are reduced. Dimension Reduction: The dimension of the common feature
matrix was considerably decreased. Thus both the testing time and the storage requirements of the common
feature matrices are also decreased.
Dimension of the common feature matrix has reduced to the selected eigenvector numbers d × d which
contains the 95% of the total energy. In the experiments performed on Ar-Face database selected eigenvector
numbers d has been 16 while original image size is 50 ×40 pixels and on ORL face database selected eigenvector
numbers d has been 26 while original image size is 112 × 92 pixels. Thus for Ar-Face a common feature matrix
with dimension of 16 × 16 and for ORL a common feature matrix with dimension of 26 × 26 are used for
recognition of facial images.
The experiments have shown that the performance of the proposed method (over the 2DPCA) increases
with the increasing number of images used for a class in the training set. Therefore, if databases include more
images for a class the recognition rate would be increased. In a future study, the performance of the proposed
method will be evaluated using diﬀerent databases.
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